Numerical computations are presented to study the effect of soluble surfactant on the deformation and breakup of an axisymmetric drop or bubble stretched by an imposed linear strain flow in a viscous fluid. At the high values of bulk Peclet number P e in typical fluid-surfactant systems, there is a thin transition layer near the interface in which the surfactant concentration varies rapidly.
I. INTRODUCTION
Surfactants, or surface-active agents, can significantly alter interfacial evolution and flow in a two-phase fluid mixture by changing the surface tension. A notable example is the phenomenon of tipstreaming, in which a thin thread and small droplets are emitted from the tip of a drop or bubble that is stretched in an extensional flow. Tipstreaming was first observed by G. I. Taylor in his pioneering four-roller mill experiments [39] , although the phenomenon has only recently been attributed to the presence of surfactant. Surfactants are also commonly used as emulsifiers, detergents, foaming or wetting agents. A thorough description of their properties and applications in given in [14] . This paper focuses on the effect of soluble surfactant on the deformation and breakup of a single drop or bubble stretched by an extensional flow in a viscous fluid. With and without surfactant, this canonical problem has been a subject of much study since Taylor's initial investigations. Experimental studies that include controlled addition of specific surfactants have been given by De Bruijn [12] and Janssen, Boon, and Agterof [19] , [20] . The tipstreaming observed in these studies motivated Anna and Meyer [3] to utilize soluble surfactant in a microfluidic device to create submicron droplets. In the experiments, an elongational flow draws a separate fluid phase from the orifice of a capillary tube and focuses its tip, stretching the interface and causing a gradient of surfactant concentration along it. Under the right conditions, surfactants are adsorbed to the interface from the bulk fluid and cannot desorb fast enough compared to their rate of compression along it so that the tip becomes highly packed with surfactant [29] . This leads to a greatly reduced surface tension and a highly curved tip with a strong Marangoni stress [6] , [40] . When its surfactant concentration is large enough, the highly curved tip is drawn via the Marangoni stress into a thin thread, which subsequently breaks into very small surfactant-laden droplets. The same mechanism applies to tipstreaming that is produced in other geometries. The phenomenon has been proposed as a way to produce micron-sized, monodisperse droplets for use in applications.
Most numerical studies of the effect of surfactant on the deformation and breakup of a single bubble or drop in extensional flow are for surfactant that is insoluble, that is, confined to the interface alone. Under the simplification of low Reynolds number flow, the evolution can be described completely by interface quantities and solved by surface-based methods such as the boundary integral method. This is among the most accurate and efficient numerical methods for solving free and moving boundary problems.
Boundary integral simulations of the effect of insoluble surfactant on the deformation and breakup of axisymmetric and 3D drops in an imposed flow have been given by Stone and Leal [38] , Milliken, Stone and Leal [28] , Bazhlekov, Anderson, and Meijer [5] , and Eggleton and Stebe [17] . These characterize the dependence of drop deformation on the capillary number Ca = µ 2 GR 0 /γ 0 , where µ 2 is the suspending fluid viscosity, G is the imposed strain rate, R 0 is the undeformed radius of the drop, and γ 0 is the surface tension of a clean interface.
Tipstreaming is observed in the boundary integral computations of Bazhlekov, Anderson, and Meijer [5] , and Eggleton et al. [17] when the ratio λ = µ 1 /µ 2 of drop to suspending fluid viscosity is small and the capillary number is above a critical value. To the best of our knowledge, these are the only numerical simulations that evoke the tipstreaming observed in experiments. Other boundary integral studies of drop and bubble evolution with insoluble surfactant are, e.g., [24] , [22] , [33] , [35] , [42] , [48] . Volume of fluid numerical simulations [13] , [34] of low viscosity ratio drops with insoluble surfactant in extensional flow also show droplets or small drop fragments emitted from pointed bubble ends. However, these are on the scale of the mesh spacing and are therefore not well resolved, so that tipstreaming may have been introduced as a numerical artifact.
A soluble surfactant advects and diffuses in the bulk fluid, and there is an exchange or transfer between its dissolved form in the bulk and its adsorbed form on the interface. We adapt a 'hybrid' numerical method for the study of surfactant solubility effects in interfacial flow that was introduced in [7] , [47] . The method applies for small bulk diffusion of surfactant, or equivalently for large bulk Peclet number P e. The value of P e in typical systems is 10 5 to 10 6 or higher [9] , and at these high values there is a narrow transition layer adjacent to the interface in which bulk surfactant concentration gradients are large. The method incorporates a singular perturbation analysis of the dynamics in the transition layer into a full numerical solution of the interfacial free boundary problem. Away from the transition layer, the bulk concentration is taken to be spatially uniform and effectively diffusion-free. A key to the success of this formulation is that a highly accurate boundary integral method can be adapted to solve the full moving boundary problem, including the influence of surfactant solubility. Without the special large P e treatment this and other surface-based methods would not easily apply. The accuracy and efficiency of the hybrid method was demonstrated in [7] by comparison with a traditional numerical approach that uses finite differences on a curvilinear coordinate mesh, without the transition layer reduction.
Several improvements or refinements of the hybrid numerical method have been implemented for this study. These include an extension to axisymmetric geometry, the use of a more general, mixed-kinetic boundary condition for the bulk surfactant concentration C at the interface, and a new far-field or matching condition for C that better resolves the structure of the transition layer.
Other numerical studies of soluble surfactant dynamics, which employ either artificially small P e or finely adapted grids are, e.g., [10] , [18] , [21] , [25] , [27] , [41] , [30] , [43] , [45] , [50] .
Eggleton and Stebe [16] numerically investigate drop deformation in an extensional flow in the 'sorption-controlled' limit (see §II A). Their model allows surfactant to adsorb and desorb from the interface, but ignores changes in the bulk concentration from its uniform, equilibrium far-field value, which are negligible in this limit.
We use the hybrid method to characterize the dependence of drop deformation on the capillary number and parameters that are relevant or specific to surfactant solubility. The influence of solubility is generally to reduce gradients of interfacial surfactant by exchange between the surface and bulk phase. Moreover, at high bulk concentration the interface is almost completely saturated with surfactant so that it cannot easily support a surface tension gradient. We find that the interface then 'remobilizes' in the sense that the tangential fluid velocity there approaches the surfactant-free velocity. The same effect has been shown to increase interfacial mobility and reduce drag for a steadily rising gas bubble in a fluid with a large concentration of bulk surfactant [45] .
Our numerical method captures examples of tipstreaming drops, which, to the best of our knowledge, are the first resolved computations of tipstreaming with soluble surfactant.
We characterize the dependence of the tipstreaming drop on physical parameters, and in particular show that the emitted filaments become thinner as the Biot number Bi, which is a ratio of the time scale for desorption to that for the flow, increases. An example of the tipstreaming of very thin threads in the widely-studied diffusion-controlled limit Bi → ∞ is given. We also present a phase diagram which gives operating conditions or parameter values for tipstreaming and compare with a similar diagram obtained from the microfluidics experiments of [3] . Despite the differences in geometry between the experiment and our computational set-up, we find general agreement in the parameter regime for tipstreaming.
The study is organized as follows. The problem formulation and governing equations are given in §II, which includes a derivation of the reduced equations in the infinite Peclet number limit. The hybrid numerical method is presented in §III. Validation of the numerical method and the results of parameter studies are presented in §IV. Conclusions are given in §V. A scaling argument that elucidates immobilization and remobilization effects, and an asymptotic solution for small capillary number, which is used to verify the numerical method, are derived in an appendix §VI.
II. GOVERNING EQUATIONS
We present the governing equations in dimensionless form. Consider an axisymmetric drop with viscosity λµ immersed in a fluid of viscosity µ and stretched by an imposed extensional flow. The fluid inside the drop occupies a region Ω 1 , while the unbounded fluid exterior to the drop occupies the complementary region Ω 2 . The interface between the fluids is denoted by S. The two fluids are taken to have the same density, so that the drop is neutrally buoyant and gravitational effects are ignored. In the low Reynolds number limit, the bulk flow in each phase is governed by the incompressible Stokes equations
where u i = (u ir , u ix ) is the velocity and p i is the pressure in region i in an axisymmetric cylindrical-polar coordinate system x = re r + xe x , where e r and e x are radial and axial unit vectors. All lengths are nondimensionalized by the radius R 0 of the equivalent, undisturbed spherical drop. There is a choice for the velocity scale U , between either the imposed (extrinsic) velocity scale U = U G = GR 0 , where G is the strain rate, or the (intrinsic) capillary
Here we choose U = U G . Pressure and time are nondimensionalized by µU/R 0 and R 0 /U .
At the drop surface S the fluid velocity is continuous and we denote the common value by U , that is
The evolution of the interface shape is determined by the kinematic boundary condition which gives the motion of a point on the interface x in the normal direction n, here chosen to point outward from S. The difference in the fluid stress across S is equal to the net stress due to interfacial surface tension, which leads to the stress-balance boundary condition
where e i is the rate-of-strain tensor in region Ω i , κ = κ θ + κ x is the sum of the principal normal curvatures of S, γ is the surface tension made nondimensional by the surface tension of a clean or surfactant-free interface γ 0 , and ∇ s is the surface gradient ∇ s = ∇ − n(n · ∇).
The parameter Ca = µ 2 U/γ 0 is the capillary number, which measures the ratio of viscous to surface tension forces.
This study focusses on the effect of soluble surfactant on the drop shape and dynamics.
We nondimensionalize the bulk concentration of surfactant C by a uniform far-field value C ∞ , and the surface concentration Γ is nondimensionalized by the maximum monolayer packing concentration Γ ∞ . This surface saturation concentration Γ ∞ is a theoretical limit that can not be reached in practice due to constraints on the maximum bulk concentration such as the critical micelle concentration (CMC) [3] , [11] , [36] . The surfactant has bulk diffusion coefficient D and surface diffusion coefficient D s , both of which are taken to be small. Surfactant can transfer or exchange between its adsorbed form on the interface and its dissolved form in the bulk immediately adjacent to the interface, with a desorption rate κ d and adsorption rate κ a .
The surface tension γ depends on the adsorbed concentration of surfactant Γ through an equation of state γ = γ(Γ). The presence of surfactant at the interface generally reduces the surface tension, and a widely used surface equation of state is
where E = RT Γ ∞ /γ 0 is the elasticity, R is the gas constant, and T is temperature. The elasticity parameter is a dimensionless measure of the sensitivity of surface tension to surfactant concentration. Equation 6 is described as the Frumkin surface equation of state [9] or a Langmuir-type surface equation of state [14] .
For simplicity, surfactant is taken to be soluble only in the fluid region Ω 2 . Equations for the evolution of adsorbed and bulk surfactant are [14, 46] 
where u s is the tangential fluid velocity on S, u n is the normal component of fluid velocity of the interface, P e s = U R 0 /D s is the Péclet number for surface diffusion of adsorbed surfactant, and P e = U R 0 /D is the Péclet number for diffusion of bulk surfactant. The bulk and surface Peclet numbers are typically large in applications, and can be of the order of 10 6 or more. On the left hand side of equation (7), the first term represents the time derivative of Γ at a point on S that moves in the direction normal to the interface, which is referred to as a 'fixed surface coordinate' [46] . The next two terms account for the change in surfactant concentration due to advective flux along the interface and the change in local interfacial area caused by motion along the normal. The first term on the right hand side represents the change in Γ due to surface diffusion, which is usually neglected, while the second term accounts for the transfer or exchange of surfactant between its dissolved form in the bulk flow immediately adjacent to the interface and its adsorbed form on the interface (the subscript S denotes evaluation at the surface). The parameter J = C ∞ D/Γ ∞ U is a measure of transfer of surfactant between its bulk and adsorbed forms relative to advection on the interface. Note that J = 0 corresponds to insoluble surfactant. The time derivative in the equation for C is at a fixed point x in Ω 2 .
Exchange of surfactant between the bulk phase adjacent to the interface and the interface itself is a two-step process [14] . Surfactant in the bulk is transported by diffusion to the 'sublayer' or region near the interface, while exchange between the sublayer and the interface occurs via adsorption-desorption kinetics. The net rate of accumulation of surfactant on the interface is therefore equal to its rate of adsorption minus its rate of desorption and is also equal to the normal diffusive flux of bulk surfactant at the interface, so that
where K = κ a C ∞ /κ d is a dimensionless equilibrium partition coefficient representing the ratio of the adsorption rate κ a to the desorption rate κ d , and the Biot number Bi
is the ratio of the time scale R 0 /U of the flow to the time for desorption κ −1
d . The imposed far-field flow that stretches the drop is a pure axisymmetric strain flow, which has nondimensional form
The initial distribution of bulk surfactant is taken to be spatially uniform and its far-fiield value is constant in time, so that
If the initial configuration is in equilibrium then the initial drop shape is spherical, and from (9) the initial surface concentration of surfactant is
A. The limits Bi → ∞ with J fixed and J → ∞ with Bi fixed.
The limit of diffusion-controlled transport, in which Bi → ∞ with J fixed, is relevant in many applications. In this limit the adsorption-desorption surface exchange kinetics are in equilibrium, and the boundary condition (9) becomes
This Dirichlet form of the interface boundary condition was considered in, for example, [7, 47] .
Conversely, surfactant transport is adsorption-desorption or sorption-controlled when the rate of bulk diffusion is fast compared to the rate of surface exchange kinetics, that is,
1. It was shown in [16] that this leads to a model for surfactant solubility dynamics which has been referred to as pseudo-solubility and is noted here. In an expansion with Bi/J as a small parameter, the boundary condition (9) implies that ∂ n C| S = 0 at leading order, and the governing equation (8), and initial and boundary conditions (11) then imply that C ≡ 1. The source or exchange term Jn · ∇C| S in (7) is then given at the next order by the right hand side of (9) with C| S = 1, so that equation (7) for the evolution of interfacial surfactant becomes
Since the dependence on the bulk concentration no longer appears in the exchange term, the model has the same computational overhead as for insoluble surfactant, and it gives a consistent limit of solubility dynamics when Bi is fixed as J → ∞. In exchange of surfactant between the interface and bulk phases, excess or depletion of bulk surfactant is removed or replenished instantaneously by fast bulk diffusion.
B. Finite Biot number
Here we retain the more general interface boundary condition (9) to enable the study of drops at arbitrary values of the Biot number Bi and exchange parameter J. This is referred to as a 'diffusion-kinetic' or 'mixed kinetic' model [9] , and its boundary condition is of mixed type. We also make the physically representative assumption that the strain rate G is much greater than the rate of bulk surfactant diffusion (D/R 2 0 ), which implies that P e 1.
C. The infinite bulk Peclet number limit Equation (8) for C is singularly perturbed in the limit P e → ∞, and a narrow transition layer can develop near the interface in which the normal gradient of C is large. Away from this layer the leading order concentration remains uniform if it is uniform initially, which we assume here. We follow the approach taken in [7] where the leading order equation for the evolution of bulk surfactant in the transition layer is derived using matched asymptotic expansions. A brief derivation is given here for a general surface in a three-dimensional flow;
further details can be found in [7] .
An intrinsic or surface-fitted orthogonal coordinate system (ξ 1 , ξ 2 , n) is introduced that is attached to and moves with the surface S for all time. Here ξ 1 and ξ 2 are aligned with the principal directions of curvature and n is distance along the normal measured from S. The position vector x of a point and the fluid velocity u in a fixed Eulerian coordinate system is written as
where x = X(ξ 1 , ξ 2 , t) is the equation of S, and u is written in terms of its projection onto the tangent plane u t and its component in the normal direction u p . We also define the fluid
the tangential velocity of an interface point at fixed (ξ 1 , ξ 2 ), and v p = u p − u n is the normal component of fluid velocity relative to S. As the interface is approached, u t approaches the tangential interfacial fluid velocity u s and v p tends to zero.
In the large P e limit, C can depend on a local normal coordinate N where n = N, Although C = C(ξ 1 , ξ 2 , N, t; ) within the layer, there is no mechanism available to support a similar separation of scales for the fluid velocity, so that
An equation for the evolution of C within the layer that is exact in the limit P e → ∞ is given by keeping only the leading terms in an expansion for small . This reduced equation
where v s = u s − U s is the tangential interfacial fluid velocity relative to an interface point with fixed (ξ 1 , ξ 2 ) and Ω r is the transition layer subdomain of Ω 2 . Consideration of higher order terms in the expansion implies that the error in approximating C by the solution of this equation is of order O( ) as → 0.
The large P e limit implies that outside the transition layer (∂ t + u · ∇)C = 0 to within O( ), so that C is constant on particle paths to the same order. The initial condition of (11) , that C(x, 0) = 1 everywhere, implies that C ≡ 1 outside the transition layer for all time and provides initial and matching conditions
The transfer coefficient J in the bulk-interface surfactant exchange term J∂ n C| S is rescaled by putting J = J 0 where J 0 = O(1), so that the exchange term remains O(1) when expressed in terms of the rescaled coordinate N . The mixed boundary condition (9) then becomes
while the boundary condition when Bi = ∞ at (13) remains unchanged.
The coefficient ∂ n v p | S in equation (17)) appears to require evaluation of off-surface data to compute the normal derivative. However, the incompressibility condition ∇ · u = 0 written in the intrinsic frame provides an expression for this coefficient in terms of surface data alone
The bulk-interface surfactant exchage term in equation (7) is similarly rescaled, so that this equation becomes
Note that the expansion parameter P e does not appear in the initial boundary value problem (17)- (21) for C and Γ. This is a consequence of the singular pertubation expansion retaining only leading order quantities in the limit P e → ∞. The surface and bulk Peclet numbers are often of the same order of magnitude, but unlike the treatment of bulk diffusion, the surface diffusion term P e ΓdS [38] , so that
where Nu is a Nusselt number [31] . This equation is used to check or validate our numerical method by verifying that the integral on the right hand side approaches zero as the evolution nears a steady state. For insoluble surfactant J 0 ∂ N C = 0, and the interfacial surfactant is conserved.
The diffusion-controlled and sorption-controlled limits of the boundary condition (19) can be recovered from the current P e → ∞ formulation. The diffusion-controlled limit is found when Bi → ∞ with J 0 fixed, for which the interface boundary condition is again (13). The sorption-controlled limit is found when J 0 → ∞ with Bi fixed, and leads to the same pseudo-solubility model of equation (14) . In this study we take Bi and J 0 to be arbitrary and O(1) as P e → ∞, and the computational overhead relative to study of insoluble surfactant requires off-surface evaluation of C alone within the transition layer, since the fluid advection terms of (17) require only on-surface data.
III. HYBRID NUMERICAL METHOD
Numerical methods based on a boundary integral representatation, or boundary integral methods, have the advantage that they can be of arbitrarily high-order accuracy. Thus, they are useful for investigating phenomena that require high accuracy to resolve features, such as 'pinching' or topological singularities that can occur on the interface [26] . When the flow is axisymmetric, the surface integrals can be reduced to line integrals by performing the azimuthal integration analytically and evaluating the resulting elliptic integrals by recursive formulae [32] . The velocity at a point x 0 on the axisymmetric drop interface is governed by the boundary integral equation
see, for example, [2] , [32] , [37] and [38] . Here the subscripts α, β, γ are either r or x, the radial and axial coordinates, and the boundary curve I traces the contour of the surface S in the (r, x) meridional plane. The curve is parameterized as
and has differential arclength ds
1/2 dξ, outward normal n and curvature κ = κ θ + κ x . The kernels Q αβγ and M αβ are the axisymmetric version of the Stresslet distribution (or double layer potential) and the Stokeslet distribution (or single layer potential) respectively. The superscript P V denotes the principal value. Equation (23) is a second-kind Fredholm integral equation for u(x 0 ) except when the drop viscosity matches the exterior fluid viscosity or λ = 1, in which case the velocity is determined by a simpler single layer potential alone. In addition to axisymmetry, the interface is symmetric about the plane x = 0, and the numerical method evolves only its trace in the first quadrant
The curve I is approximated by a set of boundary nodes along the contour in the (r, x) meridional plane. Following Stone and Leal [37] we discretize (23) The diagonal components M rr , M zz of the single-layer potential in (23) exhibit logarithmic singularities as x → x 0 , and the corresponding weakly singular integrals are calculated accurately using Gauss-log quadrature [44] . When λ = 0 there is a zero eigenvalue or degeneracy of the integral equation (23), and we use a method of Pozrikidis [32] to remove the associated eigenfunction. Derivatives of X(ξ, t) and the interface curvature are calculated using cubic-splines, which are also used to implement an adaptive grid technique similar to that of [26] , whereby grid points are redistributed locally so that their spacing in arclength is inversely proportional to the interface curvature. This adaptive technique effectively resolves high curvature regions such as the drop tips or a necking region before pinch-off.
The linear system formed by discretization of the integral equations is solved by a LA-PACK Gaussian elimination routine. Once the interfacial velocity is known, the marker points are advanced by local normal velocities according to the kinematic boundary condition (4), implying that the parameter ξ is a fixed surface coordinate during the time step.
We use a first-order forward Euler method for the time update of the interface node points.
In a typical computation, the interface profile is represented by about 160-240 points over the first quarter the drop.
Mesh-based method for the transition layer
The transition layer is defined on a fixed rectangular domain in (ξ, N ) coordinate space, where the advection-diffusion equation (17) holds. The problem for C(ξ, N, t) is
where v s = u s − U s and ψ(ξ, t) = − κu n + 1 l ∂u s ∂ξ (25) with initial and boundary conditions (18) and (19) . Here l(ξ, t) = |∂ ξ x(ξ, t)|, u n and u s are the normal and tangential components of the interfacial fluid velocity u, and U s is the tangential component of U s . The specification of ξ as a fixed surface coordinate implies that
The mesh-based method for the transition layer is second order accurate in space and uses an explicit, first order Euler method for the time update, although in principle it can be made higher-order accurate (a spectrally accurate implementation in space in 2D is given in [47] ).
Equispaced collocation points N j = j N M /M , j = 0, . . . , M , are introduced in the normal N direction, where N = N M is a finite artificial boundary. Equation (25) is discretized using second order finite differences in space, with nonuniform difference formulae used in the tangential ξ-coordinate, since points become unevenly spaced during the adaptive grid procedure. Boundary condition (19) , or (13) when Bi = ∞, is applied at the drop surface.
We also need the first and second normal derivatives of the bulk surfactant concentration evaluated at the drop surface, which are calculated using second order, one-sided difference formulas.
At the artificial far-field boundary N = N M our earlier studies [7, 47] imposed the matching condition C = 1 of (18). Here, we implement an improved version of the boundary condition that better resolves the structure of the transition layer near stagnation points on the bubble surface at which the flow direction is away from the interface. This is of interest when, for example, the capillary number of the imposed flow is sufficiently small that the drop attains a steady shape but surfactant that is advected to the drop end stagnation points has sufficient time to accumulate and reach high concentration, eventually forming a plume of surfactant that leaves the transition layer, see Figure 4 of [7] which shows such a structure beginning to form. The improved condition at the boundary N = N M is
where ∂v p /∂n is computed using (20) . The first relation enforces the matching condition (18) at points on the boundary N = N M where the characteristic or advective flow is inward, into the transition layer, while the second condition allows the bulk surfactant to advect correctly out of the computational domain Ω r when the local flow is directed away from the layer. The second condition (27) is imposed using one-sided derivatives in N for the discretization of (25) at the far-field boundary. We solve equation (21) simultaneously for the interfacial concentration of surfactant Γ, which is discretized as in [38] .
In the presentation of results we follow [16] and redefine the velocity scale to be U = U γ = γ 0 /µ 2 . Any dimensionless group, such as Bi = κ d R 0 /U , that depends on U is given a prime to dentoe its rescaled value with the choice U = U γ and is related to its value with the choice U = U G = GR 0 by the ratio, which is the capillary number Ca = GR 0 µ 2 /γ 0 . So P e = P e Ca −1 , P e s = P e s Ca −1 Bi = Bi Ca, J = J Ca, and
The groups with primes are fixed by the intrinsic properties of the fluids and surfactant, and are independent of the strain rate, which then only appears in Ca. Since the choice of velocity scale also appears in the nondimensinalization, some of the dimensionless variables are also rescaled, namely,
In terms of the rescaled quantities, Ca no longer appears in the stress-balance boundary condition (5) and appears only in the imposed flow
An example numerical calculation is shown in Figure 2 for the parameter values λ = 1, E = 0.15, Bi = 0.1, K = 0.5, J 0 = 0.05, and Ca = 0.04. Here and in all subsequent examples, the interface is initially spherical and the surface and bulk surfactant concentration are in equilibrium so that Γ 0 = K/(1+K), per equation (12) . Also, the surface Peclet number is P e s = 10 3 throughout. At this small capillary number a steady, slightly deformed shape is reached at t 80 as shown by the plot of maximum normal velocity in the top panel of Figure 2 (a) and the surface profile in Figure 2(b) . However, the bulk and surface surfactant concentration evolve more slowly, approaching a steady state after t 300. At steady state, the amount of surfactant adsorbed onto the interface at the equator of the drop (x 0) is balanced by the amount desorbed at the poles or tips, per the conservation equation (22) .
The numerical method accurately captures this conservation, as indicated by the Nusselt number tending to zero in the second panel of Figure 2 (a). The bulk concentration C at times t = 75, 189, and 471 is shown in Figure 2(b) . The boundary condition (27) prevents surfactant from being trapped at the far-field boundary near the drop tips, and allows it to advect out of the computational domain and form a high-concentration wake or plume. Fig. 2(a) . The Peclet number is set to P e = 10 4 to depict the bulk concentration C in the layer.
IV. NUMERICAL RESULTS AND DISCUSSION

A. Validation
When the surfactant is insoluble the method has been validated by comparison with solutions presented in [38] , [33] , and [17] . In particular, we have reproduced Figure 3 of [38] , which compares numerical results to an asymptotic solution for small capillary number. The total surfactant mass is conserved to within about 1% in a typical computation, and the volume is conserved to within 0.001%.
The implementation of the hybrid method with soluble surfactant (J 0 > 0) was checked to have the expected accuracy, being second order in space and first order in time, and was further verified by comparison with analytical solutions. An analytical solution given in [45] describes the unsteady adsorption of surfactant from a spatially uniform bulk state C = 1 on to an initially clean spherical drop surface in the absence of flow when the surface is an infinite sink of surfactant, i.e. C| S = 0 for all t. Our computations give excellent agreement with this analytical solution.
We also compare with an asymptotic solution of the transition layer and fluid equations that is valid for small capillary number Ca 1 when E = 0, which is derived in the appendix §VI. This solution describes the steady state shape and bulk surfactant concentration for a drop in an imposed strain when the surface is an infinite sink of surfactant (i.e., C| S = 0).
A similar test was made for 2D flow in [7] . To leading order, the steady surface velocity is given by (35) of the capillary number Ca. Furthermore, the steady solutions are believed to be stable and attracting, and this has been verified over the finite range of capillary numbers (0 ≤ Ca < ∼ 1) that has been studied by time-dependent numerical computations (see, e.g., [15] ).
In contrast, when the bubble is coated with insoluble surfactant, asymptotic theory [6] and numerical computations [38] suggest that there is a critical capillary number Ca c above which a steady solution no longer exists. For Ca > Ca c the bubble lengthens in time without limit, or 'bursts' [6] [17] . In sections IV B 1 -IV B 3 the effect of surfactant solubility on steady solution branches for an inviscid bubble is investigated. We first consider the diffusion controlled regime, i.e. the limit Bi → ∞, in which surfactant exchange kinetics are in equilibrium and the surface boundary condition is (13).
Varying J 0 with K fixed
Change in J 0 with K fixed corresponds to changing the dimensional surfactant concentration at infinity, C ∞ , together with the ratio of adsorption to desorption rates so that K = κ a C ∞ /κ d and all other parameters remain fixed. Since the normal derivative of the bulk surfactant concentration at the bubble surface ∂C/∂N stays bounded, in the limit J 0 → 0 equations (13), (17) , and (18) become uncoupled from equation (21) and the remainder of the system, so that the dynamics of an insoluble surfactant is recovered. 
versus Ca, where L are B are the bubble half-lengths in the x and r directions, respectively.
The branches are computed by using the hybrid numerical method to time-evolve the interface to a steady-state shape at some value of Ca, followed by a continuation procedure where this solution is used as initial data for computation at slightly larger Ca. The solution branches are terminated when the bubble tips have sufficiently high curvature that they are difficult to resolve (κ 100), or when the solution becomes unsteady.
The solid curve at the far right of Figure 4 shows our computation of the clean-bubble solution branch. This is close to the asymptotic small Ca deformation analysis of [4] , which is denoted by a dashed line, as well as the computational results of [15] , [49] , which are not
shown. The bubble shapes on this curve are smooth but for sufficiently large Ca become 'pointed', with large curvature at the tips. The pointed bubble shapes are similar to those obtained by slender body theory and steady-state numerical computations [8] , [49] , [15] . The dot-dash curve at the far left in the figure is the solution branch for a bubble coated with insoluble surfacatant, J 0 = 0. This curve terminates in an approximately ellipsoidal-shaped bubble with a rounded tip [6] at a critical capillary number Ca c ≈ 0.1, and for larger Ca we observe only unsteady (tipstreaming) solutions, which develop large curvature at the tips.
Slender body theory [6] suggests the existence of a turning point in this solution branch which connects to an upper branch of unstable steady states. We conclude that the turning point defines a critical capillary number Ca c , above which there are no steady solutions.
Surfactant solubility (J 0 > 0) gives a mechanism that bridges from the behavior observed for insoluble surfacant to that of a clean bubble. For the relatively small value J 0 = 0.003, surfactant exchange is weak and the solution branch is near that for insoluble surfactant.
As J 0 increases, the steady solution branch tends toward that for the clean case. This is due to enhanced surfactant exchange between the interface and bulk fluid, since interfacial surfactant that is swept to the bubble tips by the imposed flow is more easily desorbed, as seen in the solution branches of Figure 4 . A consequence of this is that the interfacial surfactant gradient and Marangoni force at the bubble tips is reduced, and the slip velocity at the interface is greater than it would be with insoluble or slightly soluble surfactant. This is a form of interface 'remobilization', similar to that of [45] , and tends to promote dynamics that are surfactant-free or 'clean'. In particular, remobilization can hinder bubble burst or tipstreaming by requiring a higher capillary number for its occurence, or can eliminate it completely.
This surface remobilization is quantified in Figure 5 
uniform interfacial surfactant concentration and reduced Marangoni stress. The reduced
Marangoni stress is less effective at destabilizing the steady bubble solution, and the onset of bursting or tipstreaming occurs at higher capillary number compared with the behavior at lower J 0 .
Varying K, with J 0 fixed
For a spherical drop in equilibrium with no flow, our choice of nondimensional variables implies that C = 1 everywhere, and in particular C| s = 1. The equilibrium value of adsorbed surfactant Γ 0 is given by (12) , which shows that at a large rate of adsorption relative to desorption, that is at large K, the equilibrium value of Γ 0 is also large, i.e. close to the maximum packing density. Conversely, at small K surfactant desorbs more readily and the equilibrium value of Γ 0 is small. In this way the limits of large and small K correspond to surfactant that is only slightly soluble in the bulk flow and to surfactant that is highly soluble, respectively. In the latter case the interface evolves as though it is more nearly surfactant-free. branches by varying K with Γ 0 = K/(1 + K) and other parameters fixed at λ = 0, E = 0.2, Bi = ∞, and J 0 = 0.1. For K small, the surfactant is highly soluble so that significant accumulation of interfacial surfactant and development of Marangoni stress does not easily occur.
We therefore expect the steady-state deformation to be similar to that for a surfactant-free or clean interface, and this is seen in Figure 6 , where the solution branch for the relatively small value of K = 0.15 is near that for a clean bubble. Similarly, Figure 7 , for which the data is given at fixed Ca = 0.04, shows the tangential surface velocity u s versus s * in part (a), and for K = 0.15 this is close to the result for the clean case. Conversely, for large K, the rate of desorption is slow relative to adsorption so that large surface concentrations and large Marangoni stress can develop. The surface is immobilized, in that the tangential interface velocity is reduced, and is similar to that for a drop coated with insoluble surfactant.
We see from Figure 7 (b) that even for the moderate value K = 1.5, both the interfacial velocity u s is signicantly reduced, and the steady deformation branch of Figure 6 is skewed toward the branch of the insoluble limit. At larger K = 15 the solution branch and interfacial velocity are increasingly close to the insoluble limit. parameter values are as in Figure 6 We note that in Figure 6 , for insoluble surfactant the initial concentration Γ 0 is chosen to be the same as that for a bubble with soluble surfactant when K = 15, i.e., Γ 0 = 15/16. In both cases the interface is almost immobilized, but perhaps surprisingly, the steady deformation of the bubble with soluble surfactant is greater than that with insoluble surfactant at the same capillary number. This occurs because the influence of solubility at this large value of K is for the total surfactant concentration on the bubble surface ΓdS to increase above its initial value as t → ∞. This causes a lower surface tension at the bubble tips compared to the insoluble surfactant case, and leads to greater stretch or deformation. Both the transfer coefficient J 0 and the partition coefficient K are directly proportional to the ambient bulk surfactant concentration C ∞ so that change in C ∞ with other parameters fixed corresponds to change in J 0 and K with J 0 /K fixed. When a bubble is stretched in an imposed strain flow, an increase in C ∞ enhances surfactant adsorption onto the surface at the bubble equator, from which it is advected by the imposed flow to the endpoints, where it accumulates and may desorb. This increase initially raises the magnitude of the surfactant concentration gradient and Marangoni stress on the interface, which reduces the surface velocity and promotes bubble deformation and breakup. Figure 8 shows the tangential surface velocity versus normalized arclength for different values of C ∞ with other parameters fixed as above, i.e. λ = 0, Bi = ∞,E = 0.2, and Γ 0 = K/(1 + K). Here, the capillary number Ca e = µ 2 U G /γ e based on the equilibrium surface tension γ e = 1 + E log(1 − Γ 0 ) is taken to be fixed at Ca e = 0.04, so that the shape and deformation of the bubble is nearly constant as C ∞ and hence γ e varies. The data show that the mobility of the interface, as measured by the interface velocity, decreases initially as K increases from zero, until
However, further increase of C ∞ causes the opposite to occur, that is, the surface remobilizes and u s increases with further increase of K. At high bulk concentrations the interface becomes saturated with surfactant, and this mitigates the advective accumulation at the endpoints and reduces the gradient in Γ. We note that a similar effect occurs for a spherical gas bubble rising steadily in a fluid with soluble surfactant, where an increased rise velocity of a surfactant retarded bubble is observed at sufficiently high bulk concentration [45] .
A scaling relation that explains that explains this behavior is given in Appendix A, following Wang et al. [45] . Their result is adapted to the limit P e → ∞ based on the reduced equation (17) for bulk surfactant transport in the transition layer. This gives a dimensionless Marangoni stress ∂γ/∂s in terms of the elasticity number E, equilibrium partition coefficient K, and the fixed quantity Q = J 0 /K as
When K → 0, τ m ∼ EK/Q, and as K → ∞, τ m ∼ E/(QK) and again tends to zero. We note that the surface concentration Γ approaches one as K becomes large, and it at first appears that with the nonlinear equation of state (6) diverges in this limit. However, the result (30) and our numerical simulations reflect the fact that the surfactant concentration gradient dΓ/ds on the surface tends to zero sufficiently fast that the Marangoni stress also tends to zero. number, tipstreaming is not observed when Bi = 200 but does occur at higher Ca.
The figure shows that as Bi increases from 0.02 to 2.0, the tipstreaming filaments become shorter and thinner. Axial velocities u x (L(t)) at the advecting filament tips, where
is the location of the drop tip, decrease with increasing Bi as shown in the lower panel of the figure.
The short thick line in the lower panel denotes u x (L(t)) = Ca L(t) which is the velocity of a drop tip that moves with the imposed extensional flow u ∞ x = Ca x. This is the asymptotic result derived in [6] using slender body theory when λ = 0 and the surfactant is insoluble. The computed velocity for insoluble surfactant with λ = 0.025, given by the thin solid curve, is close to this result. Figure 11 (a) presents snapshots of the time evolving drop shape when Bi = 0.02 together with the Marangoni stress dγ/ds on the surface when x > 0 in Figure 11 (b). This shows a strong localized Marangoni stress directed opposite to the imposed flow (dγ/ds < 0) that develops on the side of the thread immediately behind the drop tip or endpoint. This part of the interface behaves like a no-slip surface, and is dragged or advected at a velocity close to that of the imposed flow. Note that there is also a relatively large positive Marangoni stress (dγ/ds > 0) that develops a little further behind the drop tip at late times, and this is believed to be related to the onset of pinchoff near the drop tip.
The decreasing thread thickness and tip velocity of the tipstreaming filaments with in- creasing Bi is explained as follows. As Bi is increased with K and J 0 fixed the rate of interface kinetics for surfactant exchange increases relative to the capillary flow rate, and there is enhanced transport of surfactant via solubility from the drop tip, where the surface concentration Γ is highest, to the bulk fluid. The interface and interfacial surfactant are remobilized near the drop tip, which reduces the Marangoni-induced drag force. This remobilization is illustrated in Figure 12 (top panels), which shows that at the relatively large value Bi = 2.0 the tangential fluid velocity at the drop surface just behind the tip is for a short time interval just before pinch-off much greater than the normal tip velocity, see the leftmost three curves. During this phase (phase one) the drop evolves to a nearly steady pointed shape over much of its surface, but the imposed flow subsequently stretches the surface in a small neighborhood of the tip where the drag force is greatest. In this second phase the tangential fluid velocity on the drop interface near the tip approaches the normal tip velocity, i.e., the drop surface briefly becomes immobilized, and and a thin filament is emitted, see the rightmost two curves (top panels) and the inset of Figure 10 at Bi = 2.0.
We note that similar dynamics are sometimes observed for sufficiently small initial interfacial surfactant concentration Γ 0 at other values of Bi , when a small immobilized region develops near a sharp drop tip, which facilitates the tipstreaming of a very thin thread. Figure 13 shows the time evolution when Bi = 2.0 during both phases. At the much smaller value Bi = 0.02, the tangential fluid velocity near the drop tip is always comparable to the normal tip velocity, as shown in the bottom panels of Figure 12 .
The dynamics are more like that for a drop with insoluble surfactant and an immobile surface. The evolving drop shapes are more rounded at the tips, and the resulting tipstreaming filament is thicker. A simple explanation for the change in radius of the tipstreaming thread with Bi is based on the normal stress balance at the interface, which is close to equilibrium so that the Laplace-Young relation ∆p = γ/R is a good approximation, where ∆p is the pressure difference across the interface and R is the thread radius. For a nearly inviscid thread ∆p is almost constant along its length. When Bi = 2.0 the surface surfactant concentration on the short tipstreaming thread is close to the maximum packing concentration everywhere, so that the surface tension γ is small and this is in near-equilibrium with a small thread radius. When Bi = 0.02, the longer thread is stretched axially by the imposed flow, which dilutes the surface surfactant concentration, leading to a larger surface tension and near-equilibrium with a larger thread radius.
E. Conditions for tipstreaming
The quantities that are most easily varied in experiments on drop breakup with soluble surfactant are the bulk concentration at infinity C ∞ and the imposed flow speed U G = G R 0 .
Moyle et al. present a phase or operating diagram for drop breakup in their microfluidic experiment [29] , [3] by plotting a dimensionless ambient concentration C versus flow rate Q at which various breakup modes, including tipstreaming, occur. Although the confined, flow-focussing geometry of the microfluidic experiment differs from the unbounded geometry considered here it is informative to construct a similar diagram.
In the microfluidic experiment [29] , [3] , which was summarized in §I, the geometry and fluid system are fixed with length scale R 0 = 90 µm equal to the radius of the dispersed phase feed or capillary tube, external fluid viscosity µ 2 = 40 mPa s, viscosity ratio λ = 0.025, and clean surface tension γ 0 = 62.5 mN m −1 . Three surfactants, C 10 E 8 , C 12 E 8 , and C 14 E 8 are tested and give nearly identical conditions for tipstreaming [29] . Measurements on these surfactants give Γ ∞ = 2.25 µmol m −2 and adsorption rate κ a 22 m 3 mol
for all three surfactants while the they differ greatly in their desorption rates, which are With these values we estimate P e 10 6 , Bi 10 −12 to 10 −6 , K 10 2 to 10 8 , J 10 −6 . The dimensionless group Bi /J of subsection II A that is to be a small parameter in the sorption-controlled regime is in the range from 1.0 to 10 −6 , while the group Bi /J 0 relevant to the sorption-controlled regime in the large Peclet number limit is smaller by a factor of 10 −3 . On its own, this suggests that the experiments are conducted in the sorption-controlled regime, for which bulk concentration gradients are less important to the dynamics. However, the pseudo solubility model is a fast bulk diffusion limit (J → ∞ with Bi fixed), which is not consistent with large values of P e . Given the large value of P e , and the size and range of Bi and K, the simulations are conducted using the hybrid numerical method and the mixed kinetic boundary condition (19) .
Definitions of the dimensionless ambient bulk surfactant concentration and imposed flow rate that are analogous to those given in [29] , [3] are This mode is distinguished by a drop shape that has a gradual decrease in radius r and a gradual increase in surface surfactant concentration Γ with increasing axial coordinate x.
A representative example of this stretching profile with C = 0.0067 and Q = 2.0 is shown in Figure 15 and it does not exhibit the thin filament or thread that is characteristic of tipstreaming. We expect the region in phase space for this breakup mode to extend to yet higher ambient concentration C and flow rate Q in the upper right portion of the plot.
However, the computations require an increasingly small timestep at larger C and Q.
The plot in Figure 14 is for a fixed Biot number Bi = 2 × 10 −4 , and calculations at other Bi show a slight dependence on this parameter. For example, when Bi is increased to 0.02 the phase diagram is similar to that of Figure 14 but where the regions of the various breakup modes are translated upward and to the right.
Comparison of Figure 14 with the equivalent Figure 7 of [29] shows a broad similarity in the location of the tipstreaming region, which in the experiments occurs for dimensionless flow rate 10 −1 < Q < 10 0 and concentration 10 −4 < C < 10 −2 . However, there are some important differences to be noted when making a comparison. First, some of the boundaries of the tipstreaming region in the experiments are ascribed to contraints imposed by its confined geometry, which do not pertain here. Secondly, in the experiments of Moyle et al. surfactant is continually fed to the interface so as to sustain tipstreaming over time. In contrast, we consider transient tipstreaming from a drop interface that is initially spherical and at equilibrium. Simulation of tipstreaming dynamics in a confined geometry is beyond the scope of the current paper, and will be considered in future work. Given the difference between the experiments and the simulations reported here, we believe the agreement in the location of the tipstreaming region is surprisingly good.
V. CONCLUSIONS
Numerical computations have been presented using a hybrid numerical method for interfacial flow with soluble surfactant in the infinite bulk Peclet number limit. The method was introduced for 2D flow in [6] , [47] , and has been adapted here to treat 3D axisymmetric flow and to incorporate the mixed-kinetic boundary condition (9) that holds for arbitrary Biot number Bi . The method also has improved resolution of the transition layer structure near stagnation points on the interface by using a modified far-field matching condition (27) . The algorithm accurately resolves the transition layer adjacent to the interface that occurs at large bulk Peclet number, across which the surfactant concentration may vary rapidly. The behavior in the transition layer is found by a singular perturbation analysis of the governing equations near the interface S in the limit P e → ∞. This uses an intrinsic, surface fitted coordinate frame in terms of which a reduced equation (17) governs the transport of bulk the transfer coefficient J 0 , and the partition coefficient for the relative rate of adsorption to desorption K. We find that increasing J 0 or decreasing K, with other parameters held fixed, raises the efficiency of surfactant desorption relative to adsorption, and allows for greater slip velocities at the interface. In this case the interface evolves as though it is more nearly surfactant-free. In the opposite limits (i.e., decreasing J 0 or increasing K) the behavior of an insoluble surfactant is recovered.
We have also examined the effect of varying the ambient bulk concentration of surfactant.
At high bulk concentration C ∞ , we find that the interface velocity 'remobilizes' or tends toward the surfactant-free velocity. This effect is similar to that which occurs for a steadily rising gas bubble at a large concentration of bulk surfactant.
Our numerical method is also able compute resolved examples of tipstreaming drops with soluble surfactant, and we have characterized the dependence of tipstreaming threads or filaments on parameters, notably the Biot number Bi . We show that tipstreaming filaments become thinner with increasing Bi , which suggests a means to control the size of droplets that are formed when the thread breaks up. We also present a phase diagram which gives conditions or parameter values for tipstreaming in the context of an unbounded geometry and compare with a similar diagram that has been obtained from the microfluidic experiments of [3] .
There are several ways to generalize the hybrid numerical method that is described here.
The method is not limited to zero Reynolds number flow, and numerical methods that are designed to solve for moving interfaces in Navier-Stokes flow at moderate Reynolds numbers, such as the immersed interface or level set method, can be combined with equation (17) to accurately capture the dynamics of the P e = ∞ transition layer. We have considered examples where the bulk surfactant distribution far from the drop is spatially uniform, but the method can be extended to include the case where this is nonuniform. The bulk concentration outside the transition layer can be tracked by, for example, a semi-Lagrangian method using a relatively coarse grid.
VI. APPENDIX
A. Derivation of the scaling relation for Marangoni stress
The scaling relation (30) for the dimensionless Marangoni stress τ m = dγ/ds is derived following [45] . A characteristic scale for the variation in bulk concentration ∆C is obtained by balancing surface advection U Γ ∞ Γ 0 /R 0 with bulk diffusion DC ∞ ∆C/ R 0 , which gives , which follows from the surface equation of state (6) . A relation between ∆Γ and ∆C is obtained by taking the variation of the equilibrium adsorption isotherm (13) , which shows that ∆Γ = K(1 − Γ)∆C/(1 + KC). Substitution of (32), Γ Γ 0 = K/(1 + K), and C 1 into this expression gives
The scaling relation for the dimensionless Marangoni stress (30) then follows from insertion of (12), (34) and Q = J / K into (33).
B. Steady solution for Ca 1
A steady solution in the limit of small capillary number can found by setting E = 0 and C| S = 0. When E = 0, the surface tension σ = 1 and the coupling from the evolution of interfacial and bulk surfactant concentrations to the underlying flow is removed. In the small capillary number limit the drop is only slightly deformed, and an expansion for the flow field and perturbed drop shape has been given by, for example, Stone and Leal [38] . With the boundary condition C| S = 0, the coupling from the interfacial to the bulk surfactant phase is also removed, and the drop surface is a perfect sink for bulk surfactant. A solution in the context of a 2D inviscid bubble was given in this limit in [7] .
The velocity and pressure in the interior and exterior regions are given by Lamb's general solution [23] . In an imposed strain with strain-rate tensor E and no imposed vorticity, these are u 2 = Ca E · x + c 2 r 5 2E · x − 5x
x · E · x r 2 + c 3 x x · E · x r 5 + O(Ca 2 ),
The conditions of zero normal velocity, continuity of tangential velocity, and continuity of tangential stress evaluated at leading order, on r = |x| = 1, give
, c 3 = −(2 + 5λ) 2(1 + λ) ,ĉ 2 = −3 4(1 + λ)
,ĉ 3 = 1 2(1 + λ) (per [38] , at equations (A11) and (A12) in the steady state with b Γ = 0, and the first of equations (A10)). The normal stress balance gives the pressure difference p 0 − p ∞ = 2 at leading order, and gives the correction to the drop shape at order O(Ca), which is r = 1 + Ca (16 + 19λ) 8(1 + λ)
in the steady state (per [38] , equation (A14) with b Γ = 0).
For the uniaxial extension, the strain-rate tensor is 
to leading order in Ca.
We look for a similarity solution C = C(η) of (36), where the similarity variable is η = 3 Ca 4(1 + λ)
and ξ = cos 2φ.
Then (36) implies that C ηη = −2ηC η and (1 − ξ 2 )gg − 1 2 (1 + 3ξ)g 2 = 1.
The boundary conditions for C require that C = 0 when η = 0 and C → 1 as η → ∞. The general solution for g(ξ) is singular at the drop poles φ = 0, π and at the equator φ = π/2, but an integration constant can be chosen to find a solution that is bounded at the equator, at which the imposed flow is incoming. This gives C(η) = erf(η) where η = 3 Ca 4(1 + λ) 
